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1 Introduction 


Defects in two-dimensional conformal field theories can be realized as oriented 
lines, separating different theories. We are interested in the special class of de¬ 
fects, for which the energy-momentum tensor is continuous across the defect [1]. 
Denoting the left- and right- moving energy-momentum tensors of the two theo¬ 
ries by Td), Td), and this condition takes the form: 

2^(1) _ 2^(2) y(l) _ y(2) 


Inserting a defect in the path integral is equivalent in the operator language to 
the insertion of an operator D which maps the Hilbert space of CFT 1 to that 
of CFT 2. Condition ([1]) can be considered as implying that the corresponding 
operator D commutes with the Virasoro modes: 

DLW = Lg'r> and DL<£ = L<SD. (2) 


During the last few years topological defects in the Liouville and Toda held 
theories attracted some attention due to their relation to the Wilson lines in 
the ACT correspondence mS. Defects in the Liouville held theory have been 
constructed in [7118] . In these papers defects were constructed as operators on the 
Hilbert space of Liouville theory. To obtain these operators, two-point functions 
in the presence of defects were calculated using the conformal bootstrap program 
for defects, developed in m. It was shown in [7] that there are two families of 
defects: discrete, corresponding to the degenerate helds and labeled by a pair of 
positive integers m and n, with eigenvalues 


'^m,n (Q:) 


sin(7rm6 ^{2a — Q)) sm{7inb{2a — Q)) 
sm7rb~^{2a — Q) sm7Tb{2a — Q) ’ 


(3) 


and continuous, labeled by one continuous parameter s with eigenvalues 


Vs{a) 


cosh(27rs(2Q; — Q)) 

2 sin 7rb~^ {2a — Q) sin 7rb{2a — Q) 


(4) 


We denoted here hj Q = b + j the background charge, and a labels primaries of 
Liouville theory. The defects of the discrete family have a one-dimensional world- 
volume, and in particular the identity defect Vi^i belongs to the discrete family. 

Hn fact in references P1I5] the Verlinde loop operators are discussed, but they coincide with 
topological defects for the Cardy case [6]. 
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The defects of the continuous family have a two-dimensional world-volume. The 
details can be found in appendix D. 

Recently also integrable defects were studied (see e.g. [Tnl - [T8] ). 

The Lagrangian for the continuous family of two-dimensional topological de¬ 
fects was suggested in [H]. It is demonstrated in [H] that topological defects are 
so called type-II defects, proposed in [12], allowing additional degrees of freedom 
associated with the defect itself. It is also shown in [14], that requiring the addi¬ 
tional degrees of freedom to be represented by a holomorphic held, leads to the 
topological defects. 

The aim of this work is to study correspondence between the continuous family 
of defects (jl]) and the one-parametric family of Lagrangians with defect proposed 

in [14] . 

First we hnd general solution of the defect equations of motion coming from 
the Lagrangian proposed in [14] . 

To link two-point functions in the presence of defects to the Lagrangian with 
defects we use two strategies: heavy and light asymptotic semiclassical limits 
[I ^ [2n ][22ll26] . In the light asymptotic limit we set a = rjib and keep rji hxed for 
6 —?• 0, whereas in the heavy asymptotic limit we take a = ^ and hold T]h hxed 
again for 6 —)• 0. 

These semiclassical limits were used in [20][22] to relate the quantum three- 
point functions in the Liouville and Toda theories with the corresponding classical 
actions. The heavy asymptotic limit plays an important role in the quantum 
uniformization program [21] . In papers [23II26] these techniques were generalized 
to the boundary Liouville and Toda theories. Both limits have recently proved to 
be very useful also to test AGT [271130] and AdS/CFT correspondences [34033] . 

The heavy and light asymptotic limits were reconsidered in [34] also for com¬ 
plex solutions of the analytically continued Liuoville theory. 

Here we develop both procedures of the semiclassical limits to the Liouville 
theory with defects and hnd perfect agreement between the classical and boot¬ 
strap results. In particular we establish connection between the parameter k 
entering in the Lagrangian with defect and parameter s labeling the defect oper¬ 
ator dl]): 

K = cosh(27rs6) (5) 

where it is understood that s —)■ oo and 6 —)■ 0 in a way that keeps a = sb hxed. 

We show that in the light asymptotic limit the defect two-point functions can 
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be obtained via the path integral over solntions of the defect eqnations of motion 
with vanishing energy-momentnm tensor in the large a limit. 

We demonstrate that in the heavy asymptotic limit defect two-point fnnctions 
are given by the sum of exponentials of the action with defects evaluated on solu¬ 
tions with two singular points of the defect equations of motion. To understand 
better the semiclassical origin of the denominator in (jl]) in the heavy asymptotic 
limit, we consider analytic continuation of rj to the complex region in the spirit 
of [31]. We hnd a discrete family of solutions with two singular points, labelled 
by two integer numbers Ni and W- But to £t to semiclassical limit of the defect 
two-point function and to have convergent series we should sum over the saddle 
points with nonnegative Ni and N 2 for \m{2ri — 1) > 0, and with nonpositive W 
and N 2 if Im( 2?7 — 1) < 0. This is an example of the Stokes phenomena [3Hl37] . 

The paper is organized in the following way. 

In section 2 we analyze classical Liouville theory with defects. In subsection 
2.1 we review the general solution of the Liouville equation. In subsection 2.2 
we present general solution of the defect equations of motion. In subsection 2.3 
we present the Lagrangian of the product of the Liouville theories on half-plane 
with the boundary condition specified by a permutation brane. In section 3 we 
review defects and permutation branes in quantum Liouville theory. In section 
4 we review the heavy and light asymptotic semiclassical limits. In section 5 we 
calculate the defect two-point function in the light asymptotic limit. In section 
6 we calculate the defect two-point function in the heavy asymptotic limit. In a 
series of appendices we describe some useful technical results. 

2 Classical Liouville theory with defects 

2.1 Review of Liouville solution 

Let us recall some facts on classical Liouville theory. 

The action of the Liouville theory is 




Here we use a complex coordinate z = t -\- ia, and dPz = dz f\ dz is the volume 
form. 
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The field 0(z, z) satisfies the classical Liouville equation of motion 


dd(/) = . 


( 7 ) 


The general solution to ([7]), also derived below, was given by Liouville in terms 
of two arbitrary functions A{z) and B{z) [3H] 


1/1 dA{z)dB{z) \ 
^ {A{z)+B{z)y) ’ 


( 8 ) 


The solution (|8]) is invariant if one transforms A and B simultaneously by the 
following constant Mobius transformations: 

CA + f3 ^ , CB-(3 


A 


jA + S'' 


B 


—jB + 5' 


(S- = l 


(9) 


Classical expressions for left and right components of the energy-momentum ten¬ 
sor are 



( 10 ) 

{d(j)Y + b~^d‘^(j) ■ 

( 11 ) 


Substituting ([8]) in ffTOj) and (ITT]) we get, that the components of the energy- 
momentum tensor are given by the Schwarzian derivatives of A{z) and B{z): 


T={A-,z} 


f=[B-,z) 


1 

'A'" 3{A"f' 

262 

_ A' 2 (A')2 _ 

1 

'B'" 3 (By 

262 

B' 2(B'f_ 


( 12 ) 

(13) 


The Schwarzian derivative is invariant under arbitrary constant Mobius transfor¬ 
mation: 

Solutions of the Liouville equation ([7]) can be described also via linear com¬ 
bination of some holomorphic and anti-holomorphic functions. Let us introduce 
the function V = e~^^. One can write the Liouville equation ([7]) as an equation 
for V 


VddV - dVdV = -vr/ifo^. 


(15) 


Also the left and right components of the energy-momentum tensor (ITOll and (ITTll 
can be written via V 


d^V = -b^VT , 


(16) 
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aV = -6VT. (17) 

It is straightforward to check that the general solution of eq. is given by 

linear combination of two holomorphic ai{z), i = 1,2, and two anti-holomorphic 
functions bi{z), i = 1,2: 

V = ^ai{z)bi{z) - a2{z)b2{z)^ , (18) 

satisfying the condition 


(aia2 — a[a2){bib2 — b[b2) = 1. 


(19) 


Usually the helds ai{z) and bi{z), i = 1,2 are normalized to have the unit Wron- 
skian: 

0x02 — 0^02 = 1 (20) 

and 

bib'2 - b[b2 = 1. ( 21 ) 

It is easy to see that the left and right components of the energy-momentum 
tensor can be expressed via a* and bi in the very simple form: 

1 d'^ai 1 d‘^a2 


and 


T = ( 22 ) 

O"' Oi ¥ 02 

- 1 1 d%2 

~~¥~br~~¥l^' ^ ^ 

The solutions (jH]) and flTSU can be related in the following way. One can solve 
the unit Wronskian conditions fl20ll and (1211) via a holomorphic A{z) and an 
anti-holomorphic function B{z) 


and 


Oi = 


bi = 


y/dA 

B 


and 02 = 


and 62 = 


A 


yf^A 

1 


(24) 

(25) 


yfm \fm' 

Inserting fl2Tll and fl25ll in flTSl) we get (JH]). Note that the Mobius transformations 
of A and B dH]) become linear SL{2, C) transformations of o* and bf 


oi = 6 ai 702 , ( 26 ) 

02 = jSai (^(i 2 
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and 


— C^i + , (27) 

&2 = 7&1 + Sb2 . 

It is straightforward to check that indeed (fT 8 |) is invariant under fl26D and 
(127)) . and both of them keep the unit Wronskian condition. 

One can also check, that both components of the energy-momentum tensor 
fl22|) and fl23|l are invariant under these transformations as well. 

We hnish this section with a remark which will be important in the parts 
of this work dealing with the light asymptotic limit. There we will consider an 
analytic continuation /i —/x. At this point it is convenient to write the solution 
fflSj) as: 

V = ^ai{z)bi{z) + a2{z)b2{z)^ • (28) 

It is easy to check that fl28l) also solves the Liouville equation, given that a* and 
6 j, z = 1 , 2 obey the condition flT^ . 


2.2 Lagrangian of the Liouville theory with defect 


Recently in [H] the action of the Liouville theory with topological defects was 
suggested: 


^top def ^ _—_ I j _|_ _—. I (^d(j)2d4>2 + (fz 


+ 


'asi 


27ri 
1 


'Si 


'S 2 


-—hdr<Pi + —AdMi - h) + (cosh( 0 i - ^ 2)6 - k) 

ZTI ZTI Z 710^ 


(29) 

dr 

i 


Here Si is the upper half-plane a = Imz > 0 and S 2 is the lower half-plane 
a = Imz < 0. The defect is located along their common boundary, which is the 
real axis a = 0 parametrized by r = Rez. Note that A(r) here is an additional 
held associated with the defect itself. The action fl2^ yields the following defect 
equations of motion at cr = 0 : 

^(a-a)0i + ;ia.02-T^5rA + ^e('^i+^^-^)'-4e^'sinh((/.i-02)6 = O, (30) 

ZTT ZTT ZTT Z TTO 


_^(a-a)02-7^a.0i + 7^a.A+^e('^i+'^^-^)'+4e^'sinh(0i-02)& = 0 , (31) 

ZTT ZTT ZTT Z TTO 
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^dri(j)i - 02) - (cosh(0i - (j) 2 )b - k) = 0 . (32) 

/TT / 710 

The last equation is derived from variation of A. 

Using that dr = d + d and forming various linear combinations of equations 
(l3nll - (l3^ we can bring them to the form: 


d{4>i — 02) = , (33) 

5(01 - 02) = (cosh(0i - 02)6 - k) . (34) 

9(01 + 02) - dr A = |e'''^sinh(6(0i - 02)). (35) 

b 

It is shown in [T3] that requiring the defect equations of motion to hold for every 
a brings additionally to the condition, that A is a restriction to the real axis of 
a holomorphic held 

9A = 0 . (36) 

This condition allows to rewrite fl35]l in the form 

9(01 + 02 - A) = sinh(6(0i - 02)). (37) 


It is checked in [H] that the system of the defect equations of motion (I33|) - fl37)) 
guarantees that both components of the energy-momentum tensor are continuous 
across the defects and therefore describes topological defects: 


-{d(j)i)^ + b ^9^01 =-(902)^-h 6 ^9^02, (38) 

- (90i)^ 6“^9^0i = -(902)^ + 6“^9^02 • (39) 

Another interesting consequence of the defect equations of motion, found in [13] , 
is the existence together with the holomorphic held A(z) of an anti-holomorphic 
held S: 


9S = 0 , (40) 

where 

H (cosh 6(01 — 02) — k) . (41) 

or alternatively 

S = ^e-'(‘^i+‘^^)9(0i - 02). (42) 

Now we will present the general solution for defect equations of motion fl5^ - 

(EZD- 
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We will follow essentially the same strategy which was used in [39] for analyz¬ 
ing the boundary Liouville problem. On the one hand since the defect is topolog¬ 
ical both components of the energy-momentum tensor are equal being computed 
in terms of or (j) 2 - On the other hand each component of the energy-momentum 
tensor is given by the Schwarzian derivative, which is invariant under the Mobius 
transformation. This naturally leads to the following solution: 


, 1, /I OABB \ 

{A + By ) 


(43) 


, 1 /I dCdD 

^ {C + Dy 


where 


o = 


CA + B 


and D = 


C'B + 


(44) 

(45) 


'^A + b 'j'B -|- S' 

Remembering that 02 is invariant under the simultaneous Mobius transformation 
dHj) of O and D, we can set B = D. Therefore without loosing generality we can 
look for a solution in the form: 


where 


Substituting fl46l) and flTTD in 



( 1 dAdB \ 

(46) 

\7ifib‘^ {A + By ) 


( 1 dCdB \ 

(47) 

V7r/i62(C' + R)2j ’ 

C -- 

_ C41 + 0 
yA -|- S 

(48) 


we hnd that it is satished with 
A-C 


e-Ab^ 


^fdAdC 


(49) 


Since A and C are holomorphic functions, A is holomorphic as well, as it is stated 
in fl36j) . 

It is straightforward to check that (l37jl is satisfied as well with 0i, 02 and A 
given by (HEj), (H7|l and (lT9jl respectively. And dually inserting (1461) . fl47|l and 
fl49|) in fl34|) we see that it is also fulhlled with 


C + 5 


(50) 
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Inserting fH6|) . (H71) in (H2i) one can check that 

“2 dB ' ^ 

Remembering that B is anti-holomorphic we see that S is anti-holomorphic as 

well. 

We can also write the solution of the defect equations of motion using solution 
of the Liouville equation in the form (fT8|) . Recalling that the Mobius transfor¬ 
mations of the functions A and B become linear SL{2, C) transformations of the 
functions a* and which leave the components of the energy-momentum tensor 
fl2^ and fl2^ invariant, we can write the solution fH6|) - fH8|l in the form: 


e = ^7r/i62 ^ai{z)bi{z) - a 2 {z)b 2 {z)^ , 
= A/vr/ife^ (^ci{z)bi{z) - C2{z)b2{z)^ , 


6 'y 

where denoting a = (ai, 02), c = (ci, C2), and D = \ ^ ^ |, one has 


(52) 

(53) 


c = Da 


(54) 


and 

2k, = Ty D . (55) 

At this point we would like to make the following remark. Let us consider 
the identity defect. It has A = and k = 1. Setting A = C in fl^ we 
obtain = 0. This result can be derived also directly setting 0i = 02 in ([33]). 
Therefore the identity defect does not belong to the family of defects described 
by the action (j2^ and can be derived from them only in the limit A ^ 00. 
This can be understood recalling from appendix D that defects described by 
(|29|) have a two-dimensional world-volume in a sense that the values of 0i(t) 
and 02('?‘) at an arbitrary point r on the defect line are not constrained and the 
point (01 (r), 02 (t)) can take values in the whole plane M^. Contrary to this, the 
identity defect has a one-dimensional world-volume, since the point (0i(r), 02 (t)) 
takes values on one-dimensional diagonal 0i = 02- 
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2.3 Lagrangian of the Liouville theory with permutation 
branes 


We can also construct a folded version of the action fl29|) describing product of 
Liouville theories on a half-plane with boundary condition given by permutation 
branes: 


^perm-brane _ ^ -f 902^02 + ^2^ 

zm ^ 

W 


/as L 


-7p025r01 + 7^A0r(01 “ 02) “ (cosh(0i - 02)6 - k) 

ZTT ZTT 2 7r6"' 


( 56 ) 

dr 


S denotes here the upper half-plane cr > 0 , and r parameterizes the boundary 
located at cr = 0. This action gives rise to the boundary equations 


271 271 271 2 770 


^( 0 - 0)02 - ;^ 0.01 + sinh(0i - 02)6 = 0 . (58) 

ZTT ZTT ZTT Z TTO 

7 ^ 5 r( 0 i - 02 ) + (cosh(0i - 02)6 - k) = 0 . (59) 

ivr 2 TTO 

Again using that dr = d + d and forming various linear combinations, one can 
bring the system fl57D - (l5^ to the form 


002 — 001 = 77e , 

(60) 

001 - 002 = (cosh( 0 i - 02)6 - k) , 

6 

(61) 

001 4- 002 - 0rA = -^e'^^sinh(6(0i - 02)). 

(62) 

One can check that equations (I60])-(|62]) imply the permutation brane conditions: 

T(') =f(2)0=o, 

(63) 

II 

O 


or using (ITnll and (ITTll 


- ( 00 l)^ -4 6 “^ 0^01 = -( 002 )^ + 6 “^ 0^02 , 

(64) 
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- {d(t)if + b ^ 9^01 = -( 902 )^ + b ^d‘^(j)2 . ( 65 ) 


To solve equations fl60l) - fl6^ we will use the same strategy as before, with 
the only difference that now the Mobius transformation relates holomorphic and 
antiholomorphic fnnctions: 


, 1 /I OAdB \ 

^ \7ifib^ [A + Bf) ’ 


( 66 ) 


and 


02 


2 b ^ \ 7 rfib^C + BY J ’ 


CA + /3 
■jA + 6 


( 67 ) 

( 68 ) 


The expressions (166|1 - (|68|) solve eqnation (l60ll with the A given by the relation 


VdAdC 


( 69 ) 


It is straightforward to see that the expressions fl66|) - fl68|l together with the A 
given by (|6^ solve also eq. (|6^ . 

Finally inserting 0i, 02 and A given by fl66D . fl^ and fl6^ respectively in eq. 
(I6T]) we get that it is satished as well with the following k 


C + s 


(70) 


3 Permutation branes and defects in Quantum 
Liouville 


3.1 Review of quantum Liouville 

Lionville held theory is a conformal held theory enjoying the Virasoro algebra 
[Am, An,] (m ?7.)Am+n T ^2 'A)5n^—m i (”^1) 

with the central charge 

cl = 1 + QQ^. (72) 

Primary helds Va in this theory, which are associated with exponential helds 
have conformal dimensions 


A„ = a{Q - a). 


( 73 ) 
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The fields Va and Vq_q, have the same conformal dimensions and represent the 
same primary field, i.e. they are proportional to each other: 


Va = S(a)VQ.a, 

with the reflection fnnction 


^(a) = 


r(l-b(Q-2a))r(-b-\Q-2a)) 


(74) 


(75) 


62 r(6(g-2«))r(i + 6-i(Q-2a)) ■ 

Two-point fnnctions of Lionville theory are given by the reflection fnnction 


cai: 

K(Zi,Si)V„(22,Z2)} = 

Introdncing ZZ fnnction 


S(a) 


W{a) = 


[zi - Z2y^°‘{zi - 

2^/^(7r/i7(62))-^‘^26 '7r(g — 2 q;) 


r(l - b{Q - 2 «))r(l - b-\Q - 2a)) ’ 
the two-point fnnction can be compactly written as 

W{Q-a) 


S{a) = 


W{a) 


Another nsefnl property of ZZ fnnction is 

W{Q — a)W{a) = —2\/2sin7r6“^(2Q; — Q) sin7r6(2Q; — Q). 

The spectrnm of the Lionville theory has the form 


n = 


dP Rq,zp 0 Rq 


^+iP ^ ’ 


(76) 


(77) 


(78) 


(79) 


(80) 


where Ra is the highest weight representation with respect to the Virasoro alge¬ 
bra. 

3.2 Permutation branes and defects in quantum Liouville 

Let ns recall the form of continnons family of defects and permntation branes 
in the Lionville field theory compnted in |3|8] nsing appropriate generalization 
of the Cardy-Lewellen eqnation [9]. The details can be fonnd in appendix D. 
Topological defects are intertwining operators X commnting with the Virasoro 
generators 

[L„,X] = [L„,X] = 0. (81) 
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Such operators have the form 

X = [ daV{a)F^, 

if+* 

where P" are projectors on a subspace Ra<S) Ra- 


P“ = ^(|a, N) (g) |a, M))((a, N\ O {a, M\). 

N,M 


(82) 


(83) 


Here \a,N) and \a,M) are vectors of orthonormal bases of the left and right 
copies of Ra respectively. The eigenvalues T>(a) can be determined via the two- 
point functions computed in the presence of a defect X 

V{a)S{a) 


{Va{Zi, Zi)XVc,{z2, Z 2 )) = 
It is shown in [7] that 

{Va{Zi,Zi)XsVa{z2,Z2)) = 


{Zi - Z2)^^‘^(Zi - Z2)^^°‘ 

1 2^/^ cosh(27rs(2Q( — Q)) 


W^i^a) {zi — Z2y^°‘{zi — Z2y^° 
and therefore for Ds{a) one can write using (j78il and (j7^ 

^ 2^/^ cosh(27rs(2a — Q)) cosh(27rs(2a — Q)) 


(84) 


(85) 


( 86 ) 


S{a)W‘^{a) 2sin7r6 ^(2a — Q) sin7r6(2a — Q) 

The parameter s is a continuous parameter labeling the defect. The defects can 
be characterized also by the value of the two-point function of the degenerate 
held in the presence of a defect. It is a function 24(6) of b. It is shown in 
that the parameter s is related to the function 24(6) by the equation: 


2 cosh 27ibs = A{b) 


W{-b/2) 

W{0) 


(87) 


The permutation branes boundary states |i?)(p on product Li x L 2 of two Liouville 
theories satisfy the gluing condition mi: 

(L"-iS)|B)p = 0, (88) 

(L® - lL'’)|B)p = 0. 

Comparing the gluing conditions (l88ll and (l8T|l one can see that topological defects 
related to permutation branes by folding trick, consisting of exchanging left and 
right components of the second copy, and hence these branes are characterized 
by the same two-point functions with Z 2 and Z 2 exchanged 

1 2^/^ cosh(27rs(2Q; — Q)) 


(''yPi.2i)rP(^2.72))p = 


W‘^(a) {zi — Z2y^°‘{zi — Z2y^° 


(89) 
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4 Semiclassical limits 


4.1 Heavy asymptotic limit 

Let us consider the action ([6]) for the rescaled variable ip = 260 

S = j {difdif + 4Ae‘^) (fz , (90) 

where A = 

This form shows that 6^ plays in the Liouville theory the role of the Planck 
constant, and one can study semiclassical limit taking the limit 6 —)■ 0, in such a 
way that A is kept hxed. 

Let us consider correlation functions in the path integral formalism: 



We would like to calculate this integral in the semiclassical limit 6 —)■ 0 using the 
method of steepest descent, and we should decide how a* scales with b. Since S 
scales like 6“^, for operators to affect the saddle point, we should take a* = rji/b, 
with rji hxed. The conformal weights Aq, = ri{l — r])/b‘^ scale like 6“^ as well. 
This is the heavy asymptotic limit. Another choice of the operator scaling will 
be discussed in the next subsection. 

We see from d^T]) that in the semiclasscial limit the correlation function is 
given by where, at least naively, in a sense which will be clarihed below, Sd 
is the action 

S = J {dipBif + 4Ae^) d^z + ^ ^i), (92) 

1=1 

evaluated on the solution of its equation of motion: 

n 

ddif = 2Ae‘^ — dvr ^ r]i5'^{z — Zi). (93) 

i=l 

Assuming that in the vicinity of the insertion point Zi, one can ignore the expo¬ 
nential term we get that in the neighborhood of the point Zi ip has the following 
behavior 

ip{z,z) = -Ar]i\og\z-Zi\+Xi as z^Zi. (94) 
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One can insert this solution back into the equation of motion to check, if 
indeed the exponential term is subleading. We hnd, that this happens when 

Rer^i < ^ . (95) 

This constraint is known as Seiberg bound (19]. It is the semiclassial version of the 
quantum condition (17i|l stating that Vk and Vq_q, represent the same quantum 
operator. Either a or Q — a always obey the Seiberg bound. 

Remembering that in the Liouville theory we have also a background charge at 
inhnity, conditions (l94l) should be complemented by the behavior at the inhnity: 

Lp{z,z) =—2\og\z\^ as l^l ^ cx). (96) 


Since the energy-momentum tensor in the presence of primary helds acquires a 
quadratic singularity,the functions a^, j = 1,2, should solve the equation 

d'^aj -I- = 0 , (97) 


where 


b^T = 


n 


i=l 


T]i{l-r]i) c, 


+ 


(98) 


and Ci are the so called accessory parameters. 

If one tries naively to evaluate the action fl9^ on a solution obeying fl9T)) . one 
hnds that it diverges. Therefore we should consider a regularized action. It was 
constructed in [20] : 


^2^reg ^ 


Svri 


'D-Uidi 


{difdif + dAe”^) (fz + 


27r 


(pdO + 2\ogR (99) 


dD 


Els/. 


2=1 


ifdOi 27]f log Cj 


ddi 


Here iA is a disc of radius R, di is a disc of radius e* around Zi. It was shown 
in [20] that the action fl99l) satishes the equation 

^ ^ ^100) 

OTji 

where Xj is dehned by the boundary condition (I9TD . 

The Polyakov conjecture proved in [12| states, that the action fl99ll obeys also 
the relation: 

= ( 101 ) 


17 




Let us write down a regularized version of the action with a defect. 

First of all let us write it in terms of A = vr/ife^, Lpi = 260i, (^2 = 2602, and 
A = 26A: 


^2^top-def = ^ j (fz+^. [ {d<f2dip2 + 4Ae^=) d^z 

JSi JS 2 


+ 


'asi L 


- </32 


-^ip 2 dr^i + -^Adri^i - ^ 2 ) + (cosh 

Svr Svr 27r tt \ \ 2 


Since we consider here only insertion of the bulk field, and do not consider 
insertion of the defect or boundary helds, the regularized action takes the form: 


K 


( 102 ) 

dr 

i 


^2^top-def _- / (dipidipi + 4Xe^^) d^z 

8m JsR-Uidi 


i=l 

1 

8m , 

n+m 


’±I^ + 2vf\oge^+^ 


LfidO + logi? 




S«-Ujdj 


{dip2dip2 + dAe*^^) d^z 




j=n+l 

rR r 


'-R 




ip 2 d 6 + log R 


SR 2 


A 


■ — ^2dr^l + —Adri^l - ^ 2 ) + —A)/2- gA/2 

OTT OTT /TT TT \ \ / 


- ^2 


where Ef is a half-disc of the radius R and sm is a semicircle of the radius R in 
the half-plane Sj, i = 1,2. 


(103) 


K 


dr 


4.2 Light asymptotic limit 

Another limit is the so called light asymptotic limit. Here we take 

a = br]. (104) 

In this limit the operator insertions have no influence and the components of the 
energy-momentum tensor are (anti-) holomorphic and regular functions every¬ 
where on sphere and hence vanish. Eq. flTOD and (ITTD imply that V = should 

be at most of hrst degree in ^ and z, thus leading to the solutions § : 

V{z, z] R) = V—X(szz + tz + uz + v), = I I 5 (105) 

\ u V j 

Ht is shown in [52] that to have solution in light limit one needs to perform analytical 
continuation p, —>■ —/r. 
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where 


deti? = sv — ut = 1. 


(106) 


Therefore the path integral in the light limit becomes a hnite-dimensional in¬ 
tegral over parameters (s, t, u, v) which besides constraint fll06p may satisfy some 
additional constraints like reality and defect/bonndary condition. The reality of 
V reqnires the matrix R to be Hermitian. A way to parameterize the Hermitian 
matrices R is 


R = 


(107) 


Xo-Xi X2 + iXs \ 

^ X2-^X3 Xo + Xi ) ’ 

where the constraint Xq — Xf — X| — X| = 1, makes clear that the modnli space 
of the real solntions of the Lionville eqnation ([7]) with the vanishing energy- 
momentnm tensor is a three-dimensional hyperboloid H^. Hence, for example in 
the bnlk Lionville theory, the correlation fnnction in the light asymptotic limit 
takes the form 


hferji (a y ' ' ' ^brjn (^r 






dR]JV-^^^(z„Zi;R), 

i=l 


( 108 ) 


where Si is the valne of the action on these solntions. The action Si is independent 
on R, since the derivative of Si by any element of R vanishes, thanks to fllOSp 
being solntion of the eqnations of motion: 


dSi _ 6Si d(j) 
dRij 5(j) dRij 


(109) 


To avoid calcnlation of Si and some overall factors in the integration measnre, it 
is more convenient, as snggested in [ 23 ], to compnte the ratio 


Therefore dehning 


hfor/i (^1) ^l) ■ ■ ■ ^brin (^n 



(ro(o)) 


( 110 ) 


hbryi (^1, -^l) ■ ■ ■ ^brin (^ny 



dRl[V-^^^{z„Zi-,R), 

i=l 


( 111 ) 


where M is the moduli space of solutions with a vanishing energy-momentum 
tensor satisfying the corresponding boundary conditions in question, we can write 


hfeTjj (•^l) •^l) ■ ■ ■ ^br]n {,^ny •^n) ^ ^br}\ (-^1; A) ' ' ' ^brj-n i.^ny ^n) ^ 


light 


(ro(o)) 


(K,(o)>i«i>‘ 


( 112 ) 
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The moduli space M for the Liouville theory with a boundary was studied in [23] . 
It was found that in the boundary Liouville problem M is a subspace of 
with X 3 set to the boundary cosmological constant. In the next section we will 
construct M for the Liouville problem with defects. 

5 Defects in the light asymptotic limit 

Let us now specialize to the light asymptotic limit rules to the defects. We should 
hnd solutions for 0i and 02 in the form fllOSp satisfying the defect equations of 
motion. We hnd it convenient to use in this section a new constant A = — A = 
— 7 rp 6 ^. One can check that expressions 



(113) 


and 



(114) 


satisfy the defect equations of motion fl33|l - fl37|) with 


2k = Tr [R 2 R 1 = S 1 V 2 + S 2 V 1 - Uit 2 - U 2 ti 


(115) 


and 


e 


z‘^{sit2 - S2ti) + z{SiV2 - S2V1 + Uit2 - ^2^1) + U1V2 - M2O . ( 116 ) 


Let us show that the relation (11151) results from the general formula fl5^ . 


Note that one can write the solution flll3p in the general form fl28P 
Vi{z,z;Ri)= = V\[z{siz+ti) + {uiz+vi)] (117) 



with 


ai = z, 

bi = siz + ti , 


02 = 1 , 

62 = UiZ + Vi . 


( 118 ) 
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Remember that topological defects can be obtained in constructing 02 by rotating 

C /S 


the pair oi, 02 by a SL{2, C) matrix D = 


7 6 


, namely taking 


ai=Cz + (3, 

0.2 ='yz + 6 


(119) 


and keeping the same bi and 62 as in flllSp . Using flll9|) we get that 02 is given 
by R 2 = DRi. Recalling that according to (j55ll 2k = Ti D we arrive to (11151) . 

We would like to mention also a folded version of the defect solution, obeying 
the permutation brane boundary conditions. One can see that the expressions 
(11131) and (11141) satisfy the permutation branes boundary conditions (l60D - (l6^ 
with 

2k = Tr(i?^i?h^) = + 52'^! — UO — U\U2 (120) 

and 


g bA ^ 7-2(s2ti - S 1 M 2 ) + t{s2Vi - S 1 V 2 + tlO “ 'U 1 U 2 ) + ^20 “ MW2 • (121) 


Note that equations (11201) and (11211) are in fact a folded version of the corre¬ 
sponding defect expressions (11151) and (IllOp derived by exchanging U 2 ^ ^ 2 , as 
a result of the Z 2 -H- Z 2 exchange. The relation (I120p can be justihed again using 
the general formalism developed in section 2.3. 

In the parameterization (I107|) for the Hermitian matrices Ri and R 2 


Ri 


Xo-Xi X2 + iXs\ ^ 

X 2 -iXs Xo + Xi J ’ ' 


Uo-W U2 + zU3^ 
U2 - tYs Yo + Y, J ’ 


( 122 ) 


the defect parameter (11151) is equal to the Minkowski inner product of the vectors 
and Y^ 

K = X^Y^ = XoYo - XiW - X 2 U 2 - W 3 U 3 . (123) 

Using that Xq, Iq ^ 1 and that X^ and Y^ both have the unit Minkowski norm, 
it is easy to show that X^Y^ > 1, with equality when X^ = Y^ [33]. It means 
that the real solutions of the defect equations of motion with vanishing energy- 
momentum tensor exist only for k > 1. The border at k = 1 is expected. At this 
point Ri = i ?2 and we have the identity defect which has = 0 , which reflects 
that the identity defect does not belong to the family of two-dimensional defect 
described by the action (l29p . It may happen that the semiclassical limit for other 
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values of k can be obtained using complex solutions of the defect equations of 
motion. Here we will consider only the values of k, greater than 1. 

We are in a position to write the two-point correlation function in the presence 
of a defect: 


(124) 



Here dRi, i = 1,2 denotes integration measure on the 3D hyperboloid H^- This 
expression allows to establish conformal invariance of a defect two-point function. 
Let us perform the transformation 


Ri LRiL^ 

where L is a SL{2, C) matrix: L = 
the functions R) under L: 

V-^^{z,z-, LRL^) = 


and 

m n 
k I 


i?2 ^ LR2L^ , (125) 

. Note the transformation rule of 


\nz + 


p—2»? 


mz + k 
nz + I 


, c.c; R ) . 


( 126 ) 


Performing the change of the integration variables (11251) . using that the ^-function 
arguments is invariant under (I125p and the transformation rule fll26h . we obtain 


(W(zi,Zi)XW(z2,Z2))"""*= ( 127 ) 

1 ^ /v f ^ ^ YV ( ^ ^ 

\nzi + \nz 2 -f \ “ V + I ’ V ^^^2 + ^ ' 

which is the standard consequence of the conformal invariance, when we remem¬ 
ber that in the light asymptotic limit —)■ r]. This calculation shows that 

the invariance of the defect parameter k under fll25p is related to the conformal 
invariance of the defect two-point function. 

Using conformal invariance we can set zi to cx) and Z 2 to 0 to derive: 


\-2r) 

mz„z,)XV^(z„z,)y‘'" = ( 128 ) 

X I dRidR2S(T:i{R2Ri^)-2KyRi);^”(R2)2i’’■ 


To calculate this integral we express the Hermitian matrices Ri and R 2 as 
products 


Ri = gg\ R 2 = gg\ g,geSL{2,C), (129) 
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implying that 


( 130 ) 

( 131 ) 


Vl = VA^Igiii + 921P + |Sl 2 S + 922 ly . 

1-2 — + 921P + 1912* + 922p^ ■ 

At the next step we will parametrize ^ as a product of matrices g and U\ 

~g = gU, (132) 

where U is an SL{2, C) matrix 

U = ( ) , U 11 U 22 - U 12 U 21 = 1. (133) 

Y U21 U22 J 

Inserting (112911 and fll32p in flllSp we obtain 

2k = TtUUK (134) 

This can be understood noting that the solutions (113011 and (113111 correspond 
to 


ai{z) = guz + g2i. 

ai{z) = guz + g2i. 

^ = l,2, 

( 135 ) 

biiz) = giiZ + g2i, 

bi{z) =giiZ + g2i, 

i = 1,2. 

( 136 ) 

is obvious that 

2 




Ctrl ^ ^ (XjUjl , 

J = 1 


( 137 ) 


2 

hi = bjUji. 


( 138 ) 


i=i 

We see that passing from g to g = gU brings to the simultaneous rotations of a* 
and bi, i = 1,2, by matrices U and U. Therefore the defect parameter k is equal 


to the trace of the product f/f/h In these variables the integral (112811 simplihes 
and reads 

{VUzuZ,}XV,,{z„ z,))"‘'" = _ 2 ^) 2 , ( 139 ) 

X J dRidU6{\Uu\'^ + \ui2\‘^ + \u2l\‘^ + \U22\'^ — ‘^K‘){Rl)n^{R2)22^ ^ 

where dRi and dU are the corresponding integration measures which will be 
elaborated below. 
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Using SU{2) freedom in the choice of g we can adopt the parameterization 


9 — \ 1 5 Pi G M, Wi G C 

0 Pi 


(140) 


and 


Ri = 


Pi + klP PlWi 


plWi PI 

Parameterizing g in the same way 


(141) 


9 — \ 1 ) P2 G M, ^2 G C, 

0 p2 


(142) 


we hnd that the elements of the matrix U = g ^g satisfy the relations: 


U2i = 0, (143) 

U 22 = u^i = u, M G M, 

P2 = PlU , 

W 2 = Pi^Uu + WiU . 

(144) 


Eq. fll43p implies 

Pl‘^U~‘^ + \pi^Ui2 + WiU\‘^ PlM(ph^“l2 + WlU) 

PluiPl^Ui2 + Wiu) PiU^ 

Using the volume form on the 3D hyperboloid computed in appendix B (I21ip . 
one obtains for the integration measure 

dRidR2 = Apidpid‘^wiudud‘^ui2 ■ (146) 

Now the integral fll39p takes the form 

4\-2»? 

(H,(zi, Zi)XVb^{z2, ^ 2 ))"®'^* = (147) 

X [ pidpid?wiudud?‘ui25 iu^ ^^ + |Mi2p — 2 k 

J V « 

We see that the delta function in the integrand of (I147p can be different from 
zero only for k > 1 in agreement with discussion after formula (11231) . Performing 


(pr^+|u;i|2)2.p>4. 
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the integral over Ui 2 and then over u we obtain 


Zi)XVi,r^{z2, = 

{{k + -s/ — (k — \/ 

27rA-2^A_ L 

{l-2^){Zr-Z2f^{Zr-Z2Y^ 

Performing the integral over wi one gets 


pidpi(r wi-— 


(pr + kiP)2vr 2r/-i 


dpi 

Pi 


2p-l 


5(0). 


( 148 ) 


(149) 


The integral with respect to wi converges if 2p > 1. Having computed the 
integral under this assumption, we can dehne it away from this region by analytic 
continuation. The integral with respect to pi diverges. This divergence was 
analyzed in [19] and related to the inhnite volume of the dilation group. It gives 
rise in fact to the 5(0) which appears in the two-point function of coincident helds 
of the continuous spectrum. We get a hnite result taking the ratio 


{Vbr/izi, Zi)XVhr^{z 2 , 2 : 2 ))^*^^^ __ A 2>? siuli 27rq-(l - 2?]) _ 

{Vo{zi,zi)XVii{z2,Z2)y''^^^ (1 - 2p)‘^{zi - Z2 Y'^{zi - A2)2’?sinh27r(T ‘ 

Here we set k = cosh27r(T. 

Using the properties of the T functions collected in appendix A one can cal¬ 
culate the light asymptotic limit of the ZZ function fl77|) : 


M/-1 


and setting s = | and a = pb we also obtain 


(151) 


co5h2irs(2a-Q) ^ ^ 

cosh 27r sQ 

Hence, recalling (]85|1 we get in the light asymptotic limit for the defect two-point 
function derived via the bootstrap program 


{Vb,{zi,Zi)XVb,{z2,Z2)) X-‘^^ 

{Vq{Zi, Ai)XUo(^2, Z2)) i 2 p - 1)2 {zi - Z2y'^izi - Z 2 Y'^ ' 


(153) 


In the limit of large a we get full agreement between fll50p and fll53p . It 
may happen that inclusion of one-loop determinants could make this agreement 
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exact for all values of a. The study of this point is left for future work. It is 
interesting to note, that in boundary conformal Toda field theory the agreement 
between the light asymptotic limit of boundary one-point function with the path 
integral calculations was also reached in [23] in the limit of the large boundary 
cosmological constant. 


6 Defects in the heavy asymptotic limit 

6.1 Heavy asymptotic limit of the correlation functions 

In this section we consider the heavy asymptotic limit of two-point functions in 
the presence of defects flH^ . Now we should find asymptotic behaviour of the 
inverse ZZ function (j77jl and of the factor cosh(27rs(2a — Q)) in the limit 6 —)■ 0, 
setting a = |, and s = f- In the heavy asymptotic limit we should keep only 
terms having the form ~ 

To understand the semiclassical origin of the denominator in we find 
very useful to consider, in the spirit of [3l| , analytic continuation of the Liouville 
theory with a complex rj and complex saddle points. 

Taking r] to satisfy the Seiberg bound Re ?7 < i, and using properties of 
T functions collected in appendix A, we obtain 


1-277 


n ^C'(6,r7)A^ 


sinvr 


(V) 


exp 


2rj 


62 


log(l - 2ri) 


where 


C(6,77) = 
= exp I - 


2-^H^T{2ri) 

{ 27 ] - 1)2 

^ log 2 -I- ivr -I- logr(2?7) — 21og(l — 2ri) -|- 3 log 6 


(154) 


(155) 


We see that all the terms in fll55p are negligible compare to terms growing like 
~ in the limit 6 —)■ 0, and therefore C{b, rf) can be omitted. The importance 
of the term -—is explained in |3l]. It was shown that this term in the 
semiclassical interpretation arises as a sum over some “instanton” like sectors. 
As a preparation to this point we will expand this term in two ways as suggested 
in [3l|. Denoting y = Qj^g g^n write 


1 


sin TT 


/2r,-l 


) 


2i 

y-y~^ 


oo 




/c=0 


(156) 
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One expansion is valid for ||/| > 1 and one for ||/| < 1. So either way, there is a 
set T of integers with 


1 


sinTT 


2v-i \ 
62 ) 


±2i g2i7r(M=Fl/2)(27?-l)/62 ^ 

M&T 


(157) 


where T consists of nonnegative integers if \m.{2ri — > 0 and of nonpositive 

ones if \m.{2ri — l)/6^ < 0. 

The set T in fll57p can be understood as sum of saddle points in the minisu¬ 
perspace approximation keeping only constant mode of 0. In this approximation 
the Liouville path integral becomes the integral representation of the r(a;) func¬ 
tion [3i] : 

/ OO 

d(j)exp{—S), (158) 

-OO 

where the minisuperspace action is 


S = —xcf) -1- e'^ . 


( 159 ) 


The steepest descent analysis of the r(x) function asymptotic behaviour for the 
large negative x, was carried out in [H]. It is based on the lengthy and careful 
analysis of the integration contours of the integral representation of the r(x) 
function fll58p . along which it converges in quadrants Re x < 0, Im x > 0 and 
Re X < 0, Im X < 0. In the physical literature it is reviewed in [MUST] . In this 
way we obtain the factor in fl2U5p as a sum over the saddle points of the 
action (I159p . 

Setting « = f and s = | we easily obtain: 

cosh27rs(2Q; — Q) —)■ . (160) 


Now we are in a position to write down the limiting form of the defects 
correlation functions. 

Inserting fll54p . fll60p in fl8^ we can write in the heavy asymptotic limit 


{V^{Z,,Z,)XV^{Z2,Z2)) ~ (^1 - (161) 

log(l — 2ri) — 1 


l-2r? 

X 


sin^ 71 


1 fir]-2 

3TYexp 


(V) 


62 


eb 


2-|a|(l-2r,) 


Using also fll57p we get 


(14(^1, ^i)^Ua(^2, 2 : 2 )) ~ ^ 


(162) 
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where 


= -2ivr(Mi + Ma =F 1){2t] - 1) + 4:r]{l - rj) log jzi - Zal (163) 
— (1 — 2r]) log A — {4:7] — 2) log(l — 2r]) + {47] — 2) — 27r|cr|(l — 2r]). 


It is instructive to compare the heavy asymptotic limit of the defect two-point 
function with the corresponding limit of the usual two-point function, computed 
in [3l] 


{Va{Zl, Zi)Va{z2, Z 2 )) 




(164) 


sin7r(2r7 — l)/&^ 


exp 


4?7 — 2 
~1^ 


[log(l - 27]) - 1] 


The relation of (11611) to fll64p naturally gives the heavy asymptotic limit of the 
eigenvalues T>s{a) of the defect operator: 


(I4(zi,Ai)XVA(z2,^2)) 

{Va{zi,zi)Va{z2,Z2)) sin7r(^^)’ 


(165) 


Of course fll65p can be also easily derived directly from fl86P in the heavy asymp¬ 
totic limit. 


6.2 Evaluation of the action for classical solutions 

According to the general prescription of the semiclassical heavy asymptotic limit, 
we should hnd solutions of the Liouville equation, satisfying the defect equations 
of motion and possessing the logarithmic singularities flMll at points zi and Z 2 - 
The form of the solution of the defect equations of motion (1461) and (I47P implies 
that we should hnd functions A(x), C{z) and B{z) in such a way that has a 
logarithmic singularity at the point zi and 02 has a logarithmic singularity at the 
point Z 2 - Since the energy-momentum tensor is continuous across a defect this 
implies that we should hnd solutions possessing two singular points. Two-point 
solutions are well known ( see for example [M]) and we can build from them the 
Ansatz satisfying the defect equations of motion. 

To build the solution with the required singularities one should take a function 
A{z) which is smooth and holomorphic away from zi and Z 2 - Let us take A{z) as 

A{z) = {z - zi)^^-\z - Z 2 )^-^^ . (166) 
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One has also 




ai = 


02 = 


y/M 


{z - z,y-^{z - Z 2 )\ 


A 




-.(z - z^r(z - Z2y-^ 


y/M ^(zi - Z2){2 t] - 1 ) 

Inserting (11671) or (11681) in (|2^ we obtain the energy-momentum tensor 

_ h(l -h) I h(l -h) 2 r/(l-r/)/' 1 1 


{z - Ziy {z - Z2y Zi - Z2 \Z - Zi z - Z2 J ' 
which indeed possesses two singular points (1^ . with accessory parameters 

2r]{l-r]) 


(167) 

(168) 

(169) 


C 2 = -Cl = 


2:1 - 2:2 


The anti-holomorphic part is: 


bi = 
62 = - 


B{z) = -{z - Ziy-^^{z - Z 2 f^-^ 
B 1 


y/^ y^{zi - Z2){2r] - 1 ) 

1 1 


{z-ZiY '^{z-Z 2 Y, 
(7-^i)’^(7-72)'-T 


y/^ i/(z 7 ^^z^)( 2 r)^nj 

Let us take the holomorphic part for 02 as 

C{z) = e^'^Yz - ZiY'^-Yz - ^2)^"^" = ^ 

and the antiholomorphic part again given by (I17ip . Using (l50|) one gets 

K = cosh(z /2 — z/i). 

Inserting (I166|) . (I174p and (I171I) in (H6l) and (IT71) we obtain: 


g-v’i = 


A 


{2r] - lY\zi - Z 2 j 


e''^\z - zA^Yz - Z2 


\2-2ri 


e-V2 ^ 


A 


{2t] - lY\zi - Z 2 P 


-e-^^\z - Zi\‘^-^Yz - ^2?"^ 


„t 22 \ ^ ^\2ri\ \‘2-2r} 

e \Z — Zi\ \Z — Z 2 \ 


-e-‘'‘\z - zi\‘‘-^’’\z - Z2\'’-’’ 


(170) 


( 171 ) 

( 172 ) 

( 173 ) 

( 174 ) 

( 176 ) 

( 176 ) 


( 177 ) 


29 


































It is easy to see that tpi and (^2 given by fll76p and (11771) have the reqnired 
singnlarity flM|) around Zi and Z 2 respectively. In fact each of the functions tpi 
or ip 2 given by fll76p and (11771) coincides with the solution describing a saddle 
point for a two-point function considered in [3l]. But in |3l] this solution was 
considered on a full plane with the same parameter iz everywhere, whereas here 
each of them is considered on a corresponding half-plane, namely in fll76p ^ 
belongs to the upper half-plane Si, and in (I177p z belongs to the lower half-plane 
S 2 , and we should also remember that, zi G Si and Z 2 G S 2 . The defect is 
created by the choice of different parameters z/i and ^ 2 , z/i 7 ^ z/ 2 . 

From fll76p and fll77p we obtain 


(pi = AmNi — log A -I- 2 log(l — 2t]) 
-2 log 


(178) 



\z-zi\'^^\ 


- 2^2 

2-2?J g-!7l ^ _ 


2-2r; 

Z-Z2\^^ 


- 

^2 



- 2^2 



ip2 = 4i7riV2 
-2 log 


log A -I- 2 log(l — 2p) 


( 179 ) 


e^^\z - 

277 

k “ ^2 

2-277 


l^l - 

2^2! 



— F 27? I ~ _ 


+ 


\Z — Zi 


z - Z 2 


\2r, 


- ^2 


Here Ni and N 2 are integer. The possibility to add the term AinNj, j = I, 2, 
results from the invariance of the bulk ((TP and defect (ISSP - flTTP Liouville equations 
of motion under the transformation (pj (f)j + 2TriNj/b, or multiplying by 26, 
under ipj —)■ ipj + AniNj, j = I, 2. Note that the bulk Liouville equation ([7P 
is invariant under the symmetry ipj —)■ ipj -|- 27iiNj, and it is broken to (pj —)■ 
ifj + AiriNj by the exponential terms of the defect action ([29]). 

To evaluate the action on the solutions fll76p . fll77p . we will use the strategy 
used in [20]. Namely we will write the system of differential equations which this 
action should satisfy. The hrst equation is (llOOp . which given that r}i = r }2 = r], 
reads 

ncdef 

b^-^ = -X,-X2. (180) 

where Xj is defined in flOTp . The leading terms of ipi around zi are 


Pi -AT]\og\z - Zi\ -hXi, 


( 181 ) 


where 


Xi = AmNi — log A -I- 2log(l — 2 //) — (2 — Arj) log|; 2 i — Z 2 j — 2 z/i. (182) 
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Similarly the leading terms of 992 around zi are 


LP 2 -t -4?7 log \z- Z 2 \^ X 2 , 


( 183 ) 


where 


X 2 = 47riiV2 - log A + 21og(l - 2rj) - (2 - Arf) log \zi - Z 2 \ + 2^2 ■ (184) 


Inserting (11821) and (11841) in (I180p one obtains 


ncdef 

b‘^ = -27ii {2Ni + 2N2)+2\ogX-4:\og{l-2r]) + {4:-8ri) log |zi-2:2|+2(ni-z/2). 

or] 

(185) 

We would like to emphasize yet another difference from the calculation of the 
heavy asymptotic limit of the two-point function in |33] . In the case of the usual 
two-point function the integers Ni and N 2 are equal since we have one continuous 
function 0. Here they can be different since we have two different functions Lpi 
and ip 2 . 

The action with defect (110311 implies also 


QCdef 

dn 


e^^dr. 


it: 


'asi 


Inserting fllOOp and fll74|l in eq. (14^ one obtains 


gA6 ^ 1 (2p- l)(^i -^ 2 ) 

2 sinh(ni - z/ 2 ) {z - Zi){z - Z 2 ) 

Using that 

If dz 2n 

'i'- zi){z - Z2) {Z1-Z2)' 

we obtain 

^,dS]f _ 2ri-l 
dn sinh(z/i — z/ 2 ) 
Integrating equations (I185p and (I189p we obtain: 


(186) 


(187) 


(188) 

(189) 


5*^'5'wi(a'2 ^ -2iTT{2Ni + 2N2)'n + 4r/(l - r/) log |^i - 02 ! (190) 

+2T/log A - (4j/ - 2) log(l - 2t/) + 4)/ - {lyj - U 2){1 - 2j/) + C , 


where C* is a constant. To derive the penultimate term we should remember the 
relation fll75p . To £x the constant term we can directly compute the action fllOdp 
for the Ansatz fll78ll - fll79ll with p = 0: 
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(^1 = AinNi — log A — log 


2 


Lp 2 = 4 i 7 riV 2 — log A — log 


f 

1 

1 


0 

1 

0 

to 

- 2 : 2 ! 

f 



1 

to 

\Z1 - Z2j 




Z — Zi 


(191) 


(192) 


Evaluation of the action (I103p on the Ansatz (I19ip . (11921) is lengthy and 
explained in appendix C. The result is 


b^So = 2i'n{Ni + N 2 ) - log A - 2 - (i/i - z/ 2 ). 
Comparing fll93p with (11901) hxes the constant C\ 

C = 2i'K{Ni + N 2 ) — log A — 2 . 


Inserting this value of C in (1190^ we indeed obtain (I163p if we set 

= Ml, 

A^2 = M 2 =F 1, 


and 


2Tia = Vi — V 2 

Some comments are in order at this point: 


(193) 

(194) 

(195) 

(196) 

(197) 


1. The action fll90p satishes the Polyakov relation fllOip with the accessory 
parameters dehned in (11701) : 


^ 2 ^ 

dzi 


,1+1277(1-77) 


2:1 - 2:2 


7 = 1,2. 


(198) 


2. In eq. (11571) M takes nonnegative integer values if Im(277 — l)/b‘^ > 0, and 
nonpositive integer values if Im(277 — l)/&^ < 0. Therefore A^i also runs 
over nonnegative or nonpositive integer values depending on the sign of 
Im(277 — l)/&^, and N 2 takes values { 1 , 2 ,..when Im(277 — l)/ 6 ^ > 0 and 
N 2 takes values { — 1, —2,...}, when Im(277 —1)/6^ < 0. The fact that for the 
different values of the parameter 77 we should take contribution of different 
sets of the saddle points is known as the Stokes phenomena [33I137] . and 
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was studied in detail for two- and three-point correlation functions of the 
Liouville held theory in [3l]. Recall that it is caused by the fact that the 
sum fll57jl converges for the different values of M depending on the sign of 
The values of parameters at which the jump of the set of 
the contributing saddle point occurs dehne a (anti-) Stokes line. We have 
a Stokes line if at some values of parameters the imaginary parts of the 
actions for two saddle points, say a and b, coincide: Im Sa = Im Sb- We 
have an anti-Stokes line if at some values of parameters the real parts of 
the actions for two saddle points, say a and b, coincide: Re Sa = Re Sb- 
Crossing these lines, a jump in the set of the contributing saddle point may 
occur. For the Stokes lines it is caused by the fact that there is a steepest 
descent contour connecting two saddle points. For the anti-Stokes line it is 
implied by the coincidence of the magnitudes of the amplitudes e'^“ and 
for the different saddle points. From fll63p or fllQOp we see that Re 
are the same for all Ni and N 2 if Im(2?7 — 1) = 0. The line Im(2?7 — 1) = 0 
is the anti-Stokes line at which indeed we observe a jump in the set of the 
contributing saddle points. 

3. The discussion above of the differences between the calculation of two-point 
function with and without defect suggests nice interpretation of the defect 
operator. We have seen that there exist two sources of discontinuity giving 
rise to the corresponding terms in the defect operators. The heavy asymp¬ 
totic limit of D{a) fllbSp has an exponential in the numerator and sine 
function in the denominator. The exponential term in the numerator as 
we have seen originates from the discontinuity created by the choice of the 
different parameters and z/ 2 . The correspondence between the W and 
Mi parameters makes clear that the different logarithmic branch solutions, 
given by Ni and N 2 , are responsible for the quadratic sin^ vr term in 

the (I16ip . On the other hand, as we have mentioned before, in the heavy 
asymptotic limit the calculation of the usual two-point function one has 
Ni = N 2 , and it reflects the presence of the term sinvr in the denom¬ 
inator of fll64p in the hrst degree. Therefore the denominator sin tt in 

D{a) reflects the possibility of the choice of different logarithmic branches 
with Ni p N 2 in the solution of the defect equations of motion. The hnal 
quantum expression fl86l) results from the quantum corrections restoring 
b y-)- b~^ duality of the Liouville theory. 
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Let us analyze in the heavy asymptotic limit also the relation fl87|) between pa¬ 
rameter s and A{b) 



(199) 


It is easy to compute that 



^/A' 


2 


( 200 ) 


Setting that s = |, we get 


cosh 27r(T = 


2A(0) 


( 201 ) 


This implies that the parameter k is proportional to 24(0): 


Note that in the light asymptotic limit as well as in the heavy asymptotic limit 
we get the same relation between a and k 


(203) 


K = cosh 27ra. 


7 Discussion 

The methods developed in this paper can be applied to other theories with defects, 
like N = 1 superconformal Liouville theory, conformal and superconformal Toda 
theories. 

The Lagrangian of the N = 1 Liouville theory with defects is constructed 
in [13] using the technique of the type II integrable defects. The defect two- 
point functions in superconformal Liouville theory can as well be constructed 
via the bootstrap program [35]. It is interesting to use the methods of this 
paper to construct solutions for superconformal Liouville held theory of the defect 
equations of motion and study the light and heavy asymptotic limits. 

The defect operators in conformal Toda held theory are constructed in [5l[8]. 
It is possible using methods of this paper together with the technique of type II 
defects to construct the Lagrangian of conformal Toda held theory with topolog¬ 
ical defects and compare with semiclassical limits of defect two-point functions. 
This program can as well be generalized to superconformal Toda held theory. 
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Let us mention also other interesting problems where methods developed in 
this paper can be applied. 

One of the most important problems regarding non-rational conformal held 
theories is to hnd for them a relation to a three-dimensional topological held the¬ 
ory description similar to that of the rational ones. This is still a rather difficult 
and poorly studied problem. The hrst step was done in |16], where the classical 
phase space of the Chern-Simons gauge theory with S'L(2,M) gauge group has 
been studied and shown to coincide with the Teichmiiller space of Riemann sur¬ 
faces. It is established by now HU, that the Hilbert space of states obtained by 
quantizing the Teichmiiller space is isomorphic to the space of conformal blocks 
of Liouville theory. The methods and solutions derived in this paper can be use¬ 
ful to elaborate on the relation between Chern-Simons gauge theory, Teichmiiller 
space of Riemann surfaces, and Liouville held theory including also defects. 

Defects appear in many areas in String theory as well as in condensed matter. 
In particular they play an important role in the entropy entanglement prob¬ 
lems jlH] . The methods of semiclassical calculations of the defect two-point func¬ 
tions developed here can be used also in that areas. As we mentioned in the 
introduction heavy and light asymptotic limits appear in many instances of ACT 
and AdS/CFT correspondences. The insights gained in the study of these limits 
in the presence of defects can be useful to incorporate defects in these problems. 
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A Properties of P functions 


The limiting behavior of the terms with T functions can be calculated using the 
approximation 

r(a;) ~ e^^ogx-x+o{iogx) _ ^^204:) 

for X with large positive real part. 

For X with negative real part using the formula 

71 


r(a:)r(-x) = 


(205) 


X Sm TTX 

one can bring problem to the previous case. 

We also need the well-known behavior of the r(a;) function for x around zero: 

1 


ru) 


X 


(206) 


B Volume form on the 3D hyperboloid 

The 3D hyperboloid is a pseudo-sphere 

\^2 ■ v '2 v '2 v '2 _ 1 

Aq — Ai — A2 — A3 — 1 

in the ambient Minkowski space with the metric: 

ds‘^ = -dXl + dXl + dX^ + . 

In the parametrization flldip . one has 

^0 ~ -^1 = —5- + \ w \^ , 

Xo + Xi=pP 
X2 -h iXj, = pw , 

X2 - iXs = pw . 

Substituting fl209p in (12081) one obtains 


(207) 


(208) 


(209) 


ds‘^ = 4^^ -I- p‘^d 


w 


P 


w 


p 


( 210 ) 


The corresponding volume form is 


V detGdpd'^w = 2pdpdFw 


( 211 ) 
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C Action evaluation 


The solutions (I19ip and (I192p have the form: 

Lfi = dzvriVi — log A — 2 log Zi , 
ip 2 = Ai'KN 2 - log A - 2 log Z 2 , 


( 212 ) 


where 


Zi = SiZZ + tiZ + UiZ + Vi , 
Z2 = S2ZZ + t 2 Z + U2Z + V2 , 


(213) 


with 






2 sinh i/j 
'kl - Z2j 


Uj = ± 


e 212 


- ^2 


e 


1^1 - 2^21 
e’'^\z2\ 


^3 = 


e Hzi\ 


(214) 


- ^2 


J = l ,2 


where we take upper signs for iZj positive and lower signs for i/j negative. This 
choice of signs makes Sj >0. Note that 


SjVj — Ujtj = —1 j = 1, 2 . 


(215) 


It is useful to introduce also real and imaginary parts of Ui and U: 


tj = rrij + irij , uj = rrij — iuj , j = 1, 2 . (216) 

The function A can be found setting 77 = 0 in fll87p 

= 2smh(^^ _ _ 

Zl - Z2 

Before starting the calculations one should examine the zeros of Zi and Z 2 . It 

is easy to see, that Zj as a quadratic form, vanishes on a circle Cj with the 

center (—the radius — ^ j = 1 ^ 2 . Since we have the topological 
V *7 ^3 / *2 

defect, as long as the discs confined by C\ and C 2 do not overlap, we can avoid 
singularities moving the defect to the safe region between C\ and C 2 - Remember 
that the defect is located along the horizontal axis, and ifx and ({>2 are considered 
on the upper and lower half-planes respectively. Therefore Z\ has no zeros if C\ 
is located in the lower half-plane and Z 2 has no zeros if C 2 is located in the upper 
half-plane. This happens, when 


ni < —1 


(218) 
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and 


^2 > 1 . 


( 219 ) 


These constraints enable us to avoid the singularities. 

Check when these constraints are satished. Writing zi = Xi + iyi, and Z 2 = 
X 2 + iy 2 ) we get from eq. fl214p : 


Uj = ± 


( e^iy 2 - e ''jyi 

V ^ 2-^11 



( 220 ) 


Recalling that yi > 0, and j /2 < 0, and that we should take upper signs for 
positive Vj and lower sign for negative z/j, we see that we obtain negative rii and 
positive n 2 taking 


Ui > 0, 

and 

e'"^y 2 - e ’'^yi 
ni= . 1 , 

(221) 



R2 - 2 : 1 1 

Z/2 < 0 , 

and 

e-'^^yi - e''^y2 

^ 2=1 1 • 

(222) 



^2 - 


Taking \vj\ big enough we can always satisfy the condition \nj\ > 1. This means 
also that we take in (12141) the upper sign for j = 1 and the lower sign j = 2. 

Let us now insert the solution (llOip and fll92p in the action fllOOp . We will 
evaluate each term in the R ^ oo limit. Start by computing the bulk part. The 
bulk Lagrangians can be written as a total derivative: 

^ = d,Kl - d,Kl , J = 1, 2 , (223) 

where 

^ ^ f _^^ Sj log(gj|^P + tjZ + UjZ + VjY 

47rz V {sjZ + Uj){sj\z\^+ tjZ + UjZ + Vj) {sjZ + Uj) 

and Kl = Ki. We see that under the conditions fl218p and fl219p the denominators 
in (12241) have no singular points. 

The integral over the r.h.s. of (I223p reduces to the contour integral: 




{d,Ki - d,Ki) dh = dT{Ki + Ki) + {iKiz - iKiz)de. (225) 




The integral over the semi-circle of the big radius R is evaluated to yield 



iKiz)d9 


-\og SjR 


(226) 


(224) 
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On the other hand the regularizing terms in the action produce 


1 


Sri 


ipidd + log R = — log + log R + 2mNi — - log A , 


If 1 

— / (f2d9 + log = - log (s 2 -R^) + log i? + 2 i 7 rA ^2 - 7 : log A . 

2 ^ JsR, 2 


(227) 


(228) 


The integral over the real axis of the hrst term in gives 


1 


dr 


2nj 


Tli 


{SjT + Uj){SjT + tj){SjT‘^ + 2 mjT + Vj) 


n]-l 


+sgn(nj) (229) 


and of the second produces 


— dr 
271 I 


rijSj log(sjr^ + 2mjT + Vj) 
{SjT + Uj){SjT + tj) 


= - log 


sgn(nj) [nj - ^/n] - 1 ) --sgn(nj) logSj. 

(230) 


Here we introduced the sign function sgn(x) = A. 

Pi 

Remembering that for (pi and (p 2 the integrals over the real axis run in the 
opposite directions, we obtain hnally: 


— / (dcpidifi + dAe*^^) d'^z + — / {d(p2d(p2 + dAe*^^) d‘^z (231) 


Siri 

ni n2 

+ 2 i 7 riVi + 2i77N2 — log A — 2 . 


Svri Jj^R 
' (p2d9 + log R = 

SR2 

n 2 - y/nj-l 
-ni + y/nf - 1 


Now we turn to the calculation of the integrals living on the defect. The sum 
of the last two terms in 01031) . according to the equations of motion (1551) and (155)) 
is 


“d^/ - V?2) = (232) 

1 r f n, _ 712 \ ^ 

J -00 + 2 miT + Vi S 2 t‘^ + 2m2T + V2 J 

Til 712 

\j7i\ - 1 \Jn\ - 1 

We see that (12321) cancels the hrst two terms in the third line of (I23ip . 


39 































Now let us compute the second term on the defect: 


— / drA(a + a)((^i-(ps) = 


1 


' —oo 
'*00 


= log 


dr log [(r - Zi)(t - Z2)] 

X) 

-mi + - Z2S1 


SiT + mi 


S 2 T + m 2 


siT^ + 2mir + vi S2 t‘^ + 2m2T + V 2 


(233) 


mi 


+ + ziSi 


_ 1 

1 

r 

-m2 + - Z2S2 


m2 + nl - 1 + Z1S2 


To simplify this expression one can show, introducing an angle , 

I ^2 \ 


that 


—nij + — 1 — Z2Sj = i ^(—— Uj + y/nl — 1 j , (234) 

rrij + - I + ZiSj = i + Uj + -ij , j = 1 , 2 . 

We can also prove 

^(-)-^ie“''-’'e*^ - rij + - rij + - 1 j , (235) 

= (—)-^ (^—'iT'j + — 1 j — (—)-^ 2 nj) , 

and writing Zi = Xi + iyi and Z 2 = X 2 + iy 2 , one obtains that 

V7 SI T) n iy ■ 

- 2(-)^n,) = - f {x 2 - xi + i{y 2 + yi)) . (236) 

\Z2 — Zl\ 

And hnally we need 

e~''^ - Uj + - 1 j - 1 - rij + -1^ (237) 

= — 2 e^^' ^ cosh Uj + {—Yi cos ^^Jrij —1 + (—)'^nj sin^j . 

Using all these identities, and noting that the terms in the r.h.s. of fl236p . inde¬ 
pendent on j, get canceled, we obtain 


Sri 


drA(9 d){ipi - 1 P 2 ) = 


log 


^ cosh 


U 2 + i cos ^ ^Yn 2 — I + n 2 sin ^ j sinh ui (—ni -|- y/rii — 1 


^ cosh Ui — i cos ^^Jnl — 1 — rii sin j sinh U 2 {n 2 — -^/nl — 


(238) 


+ U2- Ui. 


The third multipliers in the numerator and in the denominator of the argument 
of the logarithm in fl238p together cancel the third term in the third line of fl23ip . 
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It is easy to see that the remaining logarithmic term after this cancellation is a 
pure argument since the remaining numerator and denominator have the same 
modulus: 



1 


(cosh Uj + {—yrij sin ,^)^ + (n^ — 1) cos^ ^ 


(xi - X 2 y + {yi + 1 / 2 )^ 
\Zl - Z2j^ 


(239) 


And hnally the hrst integral on the defect is 


J dT{ip2dr(pi - (pidr(p2) = 


1 


(240) 



log 


Sim2 + S2mi + i{s2\/n‘l - 1 + - 1 ) 


Sim2 - S2mi + i{s2\/nl - 1 + - 1 ) 


Obviously this is also a pure argument. After cumbersome but straightforward 
calculation one can show that: 



{sim 2 — S 2 mi + ^{s 2 ^/ry^^ + Siy/n^ — 1)) (cosh i>i — i cos ^\/nf — 1 — rii sin,^) sinh z /2 


( 241 ) 


and therefore fl240p cancels the remaining logarithmic terms in (12381) . Collecting 
all we obtain: 


= 2i7r(A'i + N 2 ) — log A — 2 + 1/2 — 


(242) 


D Defect two-point function 

First let us briefly explain how to derive the Cardy-Lewellen cluster condition for 
defects in rational theories without multiplicities mi- Suppose we have a two- 
dimensional rational conformal held theory with primary helds <I>i. The vacuum 
state is attributed i = 0. A topological defect X is a sum of projectors 



(243) 


where 



(244) 


N,N 
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Here |i, N) and |i, N) are vectors of orthonormal bases of left and right copies of 
the highest weight representations Ri respectively. Two-point fnnctions with a 
defect X insertion can be written as 


Zi)X^i{z2, Z 2 )) 

where 

D* = V^Qi (246) 

and Cii is a two-point fnnction. 

The helds <hj via the operator prodnct expansion (OPE) form an algebra with 
structnre constant C^j [491 [^ : 


$i(zi,Zi)^j(z2,Z2) = ^ 


/^k 


(zi - Z 2 ) 


Ai+A^' —A/j 


(zi — Z2)^'^^^ 


■^^^k{z 2 , ^ 2 )+descendants. 


(247) 


We need also to introdnce the fnsion number This is the number of occur- 
rence of the held <hfc in the operator product expansion of and <hj. Here we 
assume that N^- takes two values: 0 and 1. Consider the following four-point 
correlation function with the defects insertions on a torus: 


{^j{zi, Zi)^i{z 2 , Z 2 )X^i{z 3 , Z3)^j{z4,, Z 4 )X) . (248) 


Using (I247j) and (I245p one can compute (12481) in two pictures. In the hrst pic¬ 
ture at the beginning we use OPE fl247p for the pairs ^j(zi, Zi)^i(z 2 , Z 2 ) and 
^iizs, Z 3 )^j{z 4 , Z 4 ) and then fl245p for the helds produced in this process. This 
results in 


k 




(249) 


where Rk 


i i 
j j 


is the so called conformal block [491150] giving the contribution 


of the descendant helds in the OPE fl247p . It appears squared since it is separately 
produced by the left and right modes. 

In the second picture we move the held ^j{zi,zi) to the rightmost position: 


{^i{z2, Z2)X^i{z3, Z3)^j{z4, Z4)X^j{zi, Zi)) (250) 
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and then nse twice (1245 p resnlting in 

Using the fnsing matrix: 


^ 3 
i 3 


+ ■■■ 


we obtain 


Fk 

i i 

— / ^ Them 

3 

3 

Fm 

i 3 


_ 3 3 _ 

m 


i 

i 


J 3 _ 



/ 



V 



E 

k 


C^,Fu, 

3 

i 

3 

i 


= . 


(251) 


(252) 


(253) 


This is the Cardy-Lewellen cluster condition for defects. 

Using that for rational conformal held theory the structure constants and the 
fusion matrix satisfy the relation [51] 




3 3 

i i 


Ml 

ioip' 


where 

and 

^ ^ i i 

Fi = To,o . . , 

i i 

the Cardy-Lewellen condition for defects (12531) simplihes to 


(254) 


(255) 

(256) 


k 





(257) 


Dehne 4/^ as 




= 


'e' 

Eq. (I257p becomes the following equation for 4/^ 




(258) 


(259) 


k 

And hnally to hnd the coefficient "D* of the defects expansion to projectors we 
should, according to (I246p . divide 77* by the two-point function. 
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Let us now apply this machinery to the Liouville theory. Liouville theory is 
a non-rational theory, but we can overcome the difficulties caused by the inhnite 
number of primaries. First of all it is shown in [8] that the relation (12541) works 
also in diagonal non-rational theories. In particular it is shown in [8] that in the 
Liouville theory 


^(«) 


^/W{0)W{Q) 

W{a) 


(260) 


and (12541) takes the form: 




ai,a2 


<^3,0 


(y.\ 

0-2 02 


W{0) 


Wias) 

W{ai)W{a2) ’ 


(261) 


where W{a) is ZZ function fl77l) . The second problem is that in the Liouville 
theory the OPE of primary helds with generic ai, and a 2 contains inhnite number 
of intermediate primary states, which makes the use of the equation (12591) rather 
problematic. This difficulty can be resolved via Teschner’s trick [52]. Teschner’s 
tricks relies on the existence of degenerate helds in the Liouville held theory. The 
helds Va with a belonging to the set 

am,n = —-^- —b, m,neN (262) 

produce in the OPE with other helds just a hnite number of the helds. Teschner’s 
trick suggests to take as one of the helds 14^ This choice will yield only 
hnite number of terms in the l.h.s. of fl259p . The simplest of the helds (12621) is 
V.t/2- With a generic held Vk it has the OPE: 

V„V'_V2 ~ + Cy;hU+i,/2. (263) 

With j = — |, i = a, and fc = a ± 6/2, the equations fl259p and fl258p take the 
form: 

T(a)T(-6/2) = T(a - 6/2) + T(a + 6/2), (264) 


and 

m. =*(„) (EM 

B(0) ^ ’ Vir(a) 

The solution of the equation fl264p is 


2 


'hm,n (Q() 


sin(7rm6 ^(2q; — Q)) sin(7rn6(2a — Q)) 
sm{nmb~^Q) sin(7rn6Q) 


Using (12651) we obtain for the defect two-point function 


(265) 


(266) 
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Dm,n{o'') — 


2y/2sm{7imb ^(2a — Q)) sm(7rnb(2a — Q)) 
W\a) 


(267) 


And finally dividing on S{a) fITSD we get 

sin(7rm6-^(2a - Q)) sm{7rnb{2a - Q)) 

T^m,n\S^) . /^\ ■ i/r) ■ (268) 

smvro '^{2a — Q) sm7ib[2a — Q) 

Note that the defect given by {m,n) = (1,1) is the identity defect. 

But this is not the end of the story. Let us now explain how to obtain two- 
point function for the continuous family of defects. We will use the strategy 
developed in [231IS3] in the context of the Liouville and Toda theories with a 
boundary. Assume that we have a family of defects parameterized by k. In this 
case D{—b/2), which is the two-point function of the degenerate held V-b /2 in the 
presence of defect, will be a function of k and b. Denote the ratio D{—b/2)/D{0) 
by A{k, b) and dehne 

^(a) 


D{a) = 


W^{a) 


(269) 


Substituting A{K,b) and \I'(q!) in fl257p again for j = —i = a, and k = a ±6/2, 
we obtain a linear equation for \b(Q;): 


A^{a) = ^{a-b/2) + ^{a + b/2). 

The solution of (I270p is indeed a one-parametric family, 

'Ls(a) = —2^/^ cosh(27rs(2Q! — Q )), 
with a parameter s related to A by 

2cosh2* = /l(±^^ . 

Substituting (I27ip in (12691) we obtain for Ds{a) and Vs{a) respectively 

2^/^ cosh(27rs(2a — Q)) 


(270) 


(271) 


(272) 


Ds{a) = 
Vs{a) = 


W^{a) 

cosh(27rs(2a — Q)) 


(273) 


_. 12741 

2 sin 7r6“^ (2a — Q) sin 7rb(2a — Q) 

We would like to hnish by a remark on the world-volume of the defects fl268p and 

fl274p . Recall the notion of the defect world-volume 
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The values of the Liouville helds 0i and 02 on a point r of the defect line 
form a point (0i(r), 02('?")) in the plane The set of all such points may be 
restricted to belong to a submanifold Q of the plane depending on the defect 
condition. The submanifold Q is called the world-volume of the defect. It can 
be shown that the world-volume of the defects (12741) coincide with all which 
means that there are no constraints on the values of the helds 0i and 02. But the 
world-volume of the defects (I268|) is a one-dimensional. It can be easily seen for 
the identity defect since for the identity defect there is no discontinuity in 
the value of Liouville held and therefore 0i and 02 satisfy 0i(r) = 02 (t) in any 
point T of the defect line. 
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